Abstract. We study the Haagerup property for C * -algebras. We first give new examples of C * -algebras with the Haagerup property. A nuclear C * -algebra with a faithful tracial state always has the Haagerup property, and the permanence of the Haagerup property for C * -algebras is established. As a consequence, the class of all C * -algebras with the Haagerup property turns out to be quite large. We then apply Popa's results and show the C * -algebras with property (T) have a certain rigidity property. Unlike the case of von Neumann algebras, for the reduced group C * -algebras of groups with relative property (T), the rigidity property strongly fails in general. Nevertheless, for some groups without nontrivial property (T) subgroups, we show a rigidity property in some cases. As examples, we prove the reduced group C * -algebras of the (non-amenable) affine groups of the affine planes have a rigidity property.
Introduction
The Haagerup property was first defined for groups, by Haagerup [Haa79] , as a weakened version of amenability. This concept is generalized to one in the context of von Neumann algebras by Choda [Cho83] for distinguishing particular group von Neumann algebras. After she introduced the definition, it has been studied by many authors, for example, in [CJ85] , [Jol02] , [Pop06] , and [Rob93] . Recently, Dong introduced a notion of the Haagerup property for a pair of a C * -algebra and its faithful tracial state, by imitating the case of von Neumann algebras.
In this paper, we first give new examples of C * -algebras with the Haagerup property: Every unital nuclear C * -algebra has the Haagerup property with respect to an arbitrary faithful tracial state. At the same time, we also establish permanence properties of the Haagerup property. As a consequence of these two results, we have many new examples of C * -algebras with the Haagerup property. Here we state these theorems. Proofs are given in Section 3.
Theorem A (Theorem 3.6). Let (A, τ ) be a pair of a unital nuclear C * -algebra and a faithful tracial state. Then it has the Haagerup property.
Theorem B (Theorem 3.12). Let (A i , τ i ) i∈I be a family of C * -algebras with the Haagerup property indexed by a set I. Then the following hold.
(1) If I is countable, then the direct product ( i∈I A i , τ ) has the Haagerup property for any tracial state τ of the form τ = i∈I c i τ i , where (c i ) i∈I is a family of positive numbers whose sum is 1. More generally, any C * -subalgebra of ( i∈I A i , τ ) which contains both i∈I A i and 1 has the Haagerup property with respect to the restriction tracial state.
(2) The spatial tensor product ( i∈I A i , i∈I τ i ) has the Haagerup property.
(3) The reduced free product (A, τ ) = * i∈I (A i , τ i ) has the Haagerup property.
The second theorem can be shown by the same proof as Jolissaint's one for von Neumann algebras [Jol02] .
In the second part of this paper, we give an application of the Haagerup property for C * -algebras. Applying Popa's result, we have the following rigidity theorem.
Theorem C (Theorem 4.7). Let A be a C * -algebra which has a faithful tracial state with the Haagerup property. Let B be a C * -subalgebra of A such that the pair (A, B) has relative property (T). Then B must be residually finite dimensional. Theorem D (Corollary 4.9). Let Γ be a property (T) group, A be a C * -algebra which has a faithful tracial state with the Haagerup property. Then any unitary representation of Γ on A is weakly equivalent to a direct sum of finite dimensional representations. In particular, if Γ is an infinite property (T) group, then there is no nonzero * -homomorphism from the reduced group C * -algebra C * r (Γ) into A. We also show this is not true for a general non-Haagerup group, even if the group has relative property (T) with respect to an infinite subgroup. As an example, we give the following embeddings.
Theorem E (Theorem 4.22, Remark 4.23). There are C * -algebras A, B and C, each of which admits a faithful tracial state with the Haagerup property, having the following embeddings C Note that all the pairs (Z 2 ⋊ SL 2 (Z), Z 2 ), (H 3 (Z) ⋊ SL 2 (Z), H 3 (Z)), and
2 ) have relative property (T). Hence Theorem E shows the rigidity theorem strongly fails for a general non-Haagerup group, even if it has relative property (T) with respect to an infinite subgroup.
However, we show a rigidity property for a group without infinite property (T) subgroups in some cases. As an example, we show the following rigidity property of the affine groups of the affine planes.
Theorem F (Theorem 5.1). Let K be a field which is not an algebraic extension of a finite field. Then the reduced group C * -algebra C * r (K 2 ⋊ SL 2 (K)) cannot embed into any C * -algebra which has a faithful tracial state with the Haagerup property.
Underlying assumptions.
In this paper, the following are always assumed.
• We always consider the topology of a group as the discrete one.
• We always assume a representation of a discrete group (on a Hilbert space or into an operator algebra) is a unitary one.
• Positive definite functions on groups are always assumed to be normalized (i.e., take value 1 at the unit).
Notations.
Here we fix notations which are used throughout in this paper.
• The symbol M n means the matrix algebra of the size n over C.
• For two C * -algebras A and B, A⊗B, A⊙B mean the spatial tensor product, the algebraic tensor product, respectively.
• For two C * -algebras A and B, CP(A, B) means the set of all completely positive maps from A to B.
• For a C * -algebra A, A op denotes the opposite algebra of A.
• For a C * -algebra A and a state ϕ, denote by L 2 (A, ϕ) the GNS-space of (A, ϕ) and denote by · ϕ the norm on L 2 (A, ϕ).
• For a discrete group Γ, c c (Γ) denotes the space of all complex valued functions on Γ with finite supports.
• For a discrete group Γ and a positive definite function φ on Γ, l 2 φ (Γ) denotes the GNS-space of φ and , φ denotes the inner product of l 2 φ (Γ). If φ = δ e , then as usual, we simply denote l 2 δe (Γ) by l 2 (Γ) and , δe by , 2 .
• With above notations, for g ∈ Γ, the canonical image of δ g in l 2 φ (Γ) is denoted by δ φ g .
• For a set X and a subset S ⊂ X, we denote the characteristic function of S on X by χ S .
• The finite field with order p is denoted by F p .
• The terms u.c.p., c.c.p., c.p. are the abbreviations of "Unital Completely Positive", "Contractive Completely Positive", "Completely Positive", respectively.
Preliminaries
Recall that a discrete group Γ is said to have the Haagerup property (also known as Gromov's a-T-menability) if there is a net (φ n ) n of positive definite functions each of which vanishes at infinity and the net converges to 1 pointwise. It is well-known if we replace the condition "vanish at infinity" by "have a finite support", then this is equivalent to amenability (see [BO08, Theorem 2.6.8]). In this sense, the Haagerup property is considered as a weak version of amenability. Amenability of groups is quite useful but a strong condition, so many important groups fail to have amenability. On the other hand, the Haagerup property, a weak version of amenability, is satisfied by many important non-amenable groups, for example, the free groups, the Coxeter groups, and so on. Moreover, in many applications, the Haagerup property is sufficiently useful. For example, for the groups with the Haagerup property, the Baum-Connes conjecture is true, and consequently many important conjectures (e.g., the Novikov conjecture, the Kaplansky conjecture, etc.) are also true. Moreover, the groups with the Haagerup property do not have (relative) property (T), which is a rigidity property of discrete groups. In many situations, a group with (relative) property (T) is essentially hard to study, so at least for the groups with the Haagerup property, essential difficulties would not arise. For these reasons, it is interesting to study the Haagerup property.
As in the case of amenability, the Haagerup property also has many characterizations, but the above form is the most suitable formulation for extending it to the setting of operator algebras. For more information about the Haagerup property for discrete (or more generally, for locally compact) groups, we refer the reader to the book [CCJJV01] .
Recently, Dong [Don11] gave a definition of the Haagerup property for a pair of a unital C * -algebra and its faithful tracial state as follows.
Definition 2.1. Let A be a unital C * -algebra, τ a faithful tracial state on A. The pair (A, τ ) is said to have the Haagerup property if there is a net (φ i ) i∈I of u.c.p. maps from A to itself satisfying the following conditions.
(1) Each φ i decreases τ ; i.e., for any positive element a ∈ A, we have τ (φ i (a)) ≤ τ (a).
(2) For any a ∈ A, φ i (a) − a τ converges to 0 as i tends to infinity. (3) Each φ i is L 2 -compact; i.e., from the first condition, φ i extends to a bounded operator on its GNS-space L 2 (A, τ ), which is compact.
For brevity, we sometimes say τ is a tracial state with the Haagerup property.
This is a straightforward generalization of the definition of the Haagerup property for von Neumann algebras, which has been introduced in [Cho83] .
Remark 2.2. The definition of the Haagerup property for von Neumann algebras is the same as above except for the additional assumption that the tracial state is normal. With this definition, Jolissaint [Jol02] proves the Haagerup property of von Neumann algebras does not depend on the choice of faithful normal tracial states. However, as we prove in Section 4 (Theorem 4.18), in the case of C * -algebras, this is no longer true. Remark 2.3. As in the case of von Neumann algebras [BO08, Remark 12.1.17], the condition of φ i being u.c.p. can be relaxed by φ i being c.c.p., and we can take φ i so that it preserves τ . This is done by replacing (φ i ) i∈I by the net
on I × N, where c n := 1 − 1/n.
Here we recall the fundamental properties of the Haagerup property for C * -algebras.
Theorem 2.4 (Dong [Don11] ). The following hold.
(1) For a discrete group Γ, it has the Haagerup property if and only if the reduced group C * -algebra C * r (Γ) of Γ has the Haagerup property with respect to the canonical tracial state.
(2) The Haagerup property for C * -algebras is closed under taking the reduced crossed product by a trace-preserving action of an amenable group. (3) For any finite dimensional C * -algebra A and a group Γ with the Haagerup property acting on A, the reduced crossed product of A by Γ has the Haagerup property with respect to the canonical extension of any Γ-invariant faithful tracial state on A, which always exists.
Note that part (3) above is not mentioned in the paper of Dong, but this immediately follows from his study of the relative Haagerup property [Don11, Section 3].
For later applications, we recall the definition of relative property (T). Relative property (T) is a rigidity property of groups, which is negated by the Haagerup property in the following sense: A group which has relative property (T) with respect to an infinite subgroup does not have the Haagerup property. For more about property (T), we refer the reader to the book [BHV08] of Bekka, de la Harpe, and Valette.
Definition 2.5. Let Γ be a group and let Λ be a subgroup of Γ. The pair (Γ, Λ) is said to have relative property (T) if any net (φ n ) of positive definite functions on Γ that converges to 1 pointwise converges uniformly on Λ. A group Γ is said to have property (T) if the pair (Γ, Γ) has relative property (T).
Here we review examples of relative property (T) groups.
Examples 2.6 ([BHV08]).
• For n ≥ 3, SL n (Z) has property (T).
• The pair (Z 2 ⋊ SL 2 (Z), Z 2 ) has relative property (T).
• The pair (H 3 (Z) ⋊ SL 2 (Z), H 3 (Z)) has relative property (T).
• The pair (
2 ) has relative property (T).
• For n ≥ 2, Sp 2n (Z) has property (T).
Property (T) has been also defined for operator algebras. For von Neumann algebras, it was first done by Connes-Jones [CJ85] for type II 1 factors, then it was extended to general finite von Neumann algebras by Popa [Pop06] . For C * -algebras, property (T) was first introduced by Bekka [Bek06] , then its (formally) strengthened version, called strong property (T) was introduced by Leung-Ng [LN09] . The notion of strong property (T) is closer to that of Popa's property (T) than Bekka's one, which is suitable for our application. Moreover, most important examples of C * -algebras having Bekka's property (T) also have strong property (T). Actually, it is not known whether these two notions coincide or not [LN09, page 3057] . For these reasons, we only use Leung-Ng's notion and we simply call it property (T) instead of strong property (T). To recall these definitions we first need the notion of a Hilbert bimodule.
Definition 2.7. Let A be a C * -algebra or a von Neumann algebra. A Hilbert space H is called a Hilbert A-bimodule if it is equipped with the actions π of A and ρ of A op such that these two actions are mutually commuting. When A is a von Neumann algebra, then we further assume both actions are normal. We refer to π, ρ as the left, right action of A, respectively, and use the notation xξy := π(x)ρ(y op )ξ for x, y ∈ A and ξ ∈ H.
Definition 2.8 (Leung-Ng [LN09]). Let
A be a C * -algebra, B be a C * -subalgebra of A. The pair (A, B) is said to have relative property (T) if for any ǫ > 0, there exist δ > 0 and a finite subset Q ⊂ A, such that the following holds: For any Hilbert A-bimodule H and a unit vector ξ ∈ H satisfying xξ − ξx < δ for all x ∈ Q, there exists a B-central unit vector ξ 0 (i.e., xξ 0 = ξ 0 x holds for all x ∈ B) with ξ 0 − ξ < ǫ. If the pair (A, A) has relative property (T), then A is said to have property (T).
Definition 2.9 (Popa [Pop06] ). Let M be a finite von Neumann algebra with a faithful normal tracial state, B be a von Neumann subalgebra of M. The pair (M, B) is said to have relative property (T) if there is a faithful normal tracial state τ on M satisfying the following condition: For any ǫ > 0, there exist δ > 0 and a finite subset Q ⊂ M such that if H is a Hilbert M-bimodule, ξ is a unit vector in H satisfying ·ξ, ξ − τ < δ, ξ·, ξ − τ < δ and xξ − ξx < δ, then there is a B-central unit vector ξ 0 with ξ 0 − ξ < ǫ. If the pair (M, M) has relative property (T), then M is said to have property (T).
Here we recall the basic facts of property (T) for operator algebras. The next theorem says the definition is natural. For the proof, we refer the reader to [LN09] , [Pop06] . Next we recall the permanence properties of property (T) for C * -algebras. This gives many examples of C * -algebras with property (T).
Proposition 2.11 (Leung-Ng [LN09]
). Property (T) for C * -algebras is preserved by the following operations.
(1) Taking a quotient.
(2) Taking a maximal (hence arbitrary) tensor product.
(3) Taking a full (hence arbitrary) crossed product by a property (T) group.
For further background knowledge of this paper, the book [BO08] of Brown and Ozawa is a good reference.
Examples of C * -algebras with the Haagerup Property
The goal of this section is to prove Theorems A and B. As the study of nuclearity of C * -algebras (e.g., a proof of the fact that nuclearity passes to a quotient [BO08, Chapter 9]), in order to prove Theorem A, we need a deep theorem from the theory of von Neumann algebras. To state and apply the theorem of Connes below, we need the following concepts of von Neumann algebras.
Definition 3.1. Let M be a von Neumann algebra. It is said to be injective if for any unital C * -algebra A and for any its closed self-adjoint subspace N containing the unit of A, any u.c.p. map from N to M can be extended to a u.c.p. map from A to M. The following theorem of Connes states these two properties are equivalent in the separable case.
Theorem 3.4 (Connes [Con76] ). For a von Neumann algebra M with the separable predual, the following are equivalent.
(1) The von Neumann algebra M is injective.
(2) The von Neumann algebra M is AFD.
For the proof and more information about the theorem, we refer the reader to [Con76] . Before proving our theorem, we need a lemma.
Lemma 3.5. Let M be a (not necessarily separable) injective von Neumann algebra with a faithful normal tracial state τ . Then there exists a net (Φ n ) n of conditional expectations on M which satisfies the following three conditions.
(1) Each image of Φ n is finite dimensional.
(2) Each Φ n preserves τ . (3) The net (Φ n ) n converges to the identity map in the pointwise strong operator topology.
Proof. Note first that since M has a faithful normal tracial state, [BO08, Lemma 1.5.11] (with Remark 3.2) shows each von Neumann subalgebra of M is injective. From this, for each finite subset F of M, the von Neumann subalgebra W * (F) of M generated by F is injective and separable. From this, by Connes's theorem, each von Neumann algebra W * (F) is an AFD von Neumann algebra. Consequently, for each finite subset F of M, there is a finite dimensional * -subalgebra M F of M, such that dist τ (x, M F ) < 1/|F| for all x ∈ F (where |F| is the cardinality of F). Then again by [BO08, Lemma 1.5.11], for each finite subset F of M, there is a τ -preserving conditional expectation E F from M onto M F . Then notice that for any τ -preserving conditional expectation E with the range N, we have
On the other hand, for each x ∈ M, dist τ (x, M F ) converges to zero as F tends to infinity. From this, the net (E F ) F satisfies the desired three conditions. Now we prove our first main result, Theorem A.
Theorem 3.6. Let (A, τ ) be a pair of a unital nuclear C * -algebra and a faithful tracial state. Then it has the Haagerup property.
Proof. Let A be a unital nuclear C * -algebra, τ be a faithful tracial state on A. We will show the pair (A, τ ) has the Haagerup property. Let π τ be the GNS-representation of τ . Then, since A is nuclear, it is easy to show π τ (A)
′′ is an injective von Neumann algebra. Using Lemma 3.5, we can choose a net (Φ α ) α of conditional expectations on π τ (A)
′′ satisfying the following three conditions.
• Each image of Φ α has a finite dimension.
• Each Φ α preserves τ .
• The net (Φ α ) α converges to the identity map in the pointwise strong operator topology. From these conditions, each Φ α is L 2 -compact, and it converges to id L 2 (A,τ ) strongly, as in the definition of the Haagerup property. However, unfortunately, these ranges are not contained in A in general. So we have to modify Φ α to take its values in A. To do this, we need the following notations. We identify π τ (A)
′′ with the direct summand A * * c(π τ ) of A * * , where c(π τ ) is the central cover of π τ [BO08, Definition 1.4.2]. Denote the image of Φ α by E α , and denote the linear span of 1 A * * and E α by F α , which is a finite dimensional C * -subalgebra of A * * . Denote the canonical inclusion F α ֒→ A * * by ι α . Since ι α is a * -homomorphism, in particular it is contained in CP(F α , A * * ). Then, by using the canonical bijective correspondence between CP(F α , A * * ) and (A * * ⊗ F α ) + [BO08, Theorem 1.5.12], and the density of A ⊗ F α in A * * ⊗ F α in the strong operator topology, we can find a bounded net (Ψ (α) β ) β from CP(F α , A) that converges to ι α in the pointwise strong operator topology, as β tends to infinity (by the Kaplansky density theorem). Then, since each Ψ β | Eα is contained in that of τ | Eα , which is equal to E α , and the former net converges to τ | Eα pointwise as β tends to infinity. From this and the fact E α has a finite dimension, we can choose a net (c 
β is a c.c.p. map that decreases τ . Now it is easy to take the desired net from the set {c(π τ )Ψ
, not with the canonical C * -subalgebra of A * * .
Indeed, in the above proof, we only use the injectivity of π τ (A) ′′ . From this, we can also apply the proof of Theorem 3.6 for some other cases. Here we summarize the cases Theorem 3.6 is applicable. Part (1) is pointed out by Professor Narutaka Ozawa.
Corollary 3.7.
(1) Let A be a unital exact C * -algebra with a faithful amenable tracial state τ . Then the pair (A, τ ) has the Haagerup property.
(2) Let A be a unital residually finite dimensional C * -algebra with a faithful tracial state. Then A has a faithful tracial state τ with the Haagerup property.
Proof. (1) It suffices to show π τ (A)
′′ is injective. By amenability of τ , the product * -homomorphism
is continuous with respect to the spatial tensor product norm [BO08, Theorem 6.2.7]. Then by universality of the double dual, it extends to the normal * -homomorphism 
is continuous with respect to the spatial tensor product norm. Consequently, the product * -homomorphism
is continuous with respect to the spatial tensor product norm. Note that (π
′′ [BO08, Theorem 6.1.4]. Now injectivity of π τ (A) ′′ follows from Lance's trick [BO08, Proposition 3.6.5].
(2) By assumption, there exists a faithful tracial state τ on A such that π τ (A)
′′ is a type I von Neumann algebra. Since a type I von Neumann algebra is injective, we obtain the desired result.
Remark 3.8. In the above cases, the approximation maps in the Haagerup property can be taken as finite rank u.c.p. maps. This is an interesting phenomenon: Though C * -algebras as above fail to have the internal (or even external) finite dimensional approximation by u.c.p. maps in the norm topology in general, they have the internal finite dimensional approximation by u.c.p. maps in the L 2 -topology.
Remark 3.9. Part (1) of Corollary 3.7 is applicable to many exact C * -algebras. For example, any unital simple exact quasi-diagonal C * -algebra has a faithful amenable tracial state [BO08, Proposition 7.1.16]. On the other hand, for a unital C * -subalgebra of a nuclear C * -algebra A with a faithful tracial state τ , the restriction τ | B of τ on B is amenable, since any tracial state on a nuclear C * -algebra is amenable and a restriction of an amenable tracial state is again amenable. Consequently, all of these C * -algebras have a faithful tracial state with the Haagerup property.
Remark 3.10. The proof of Corollary 3.7 (1) only uses property C ′′ , which is equivalent to the local reflexivity. However, the existence of a non-exact locally reflexive C * -algebra is a long standing open problem.
Next we prove the permanence of the Haagerup property under a few canonical constructions in C * -algebras. While these results can be obtained adapting Jolissaint's von Neumann algebraic method from [18] , for the readers convenience, we give a proof below. First we record the following lemma whose straightforward proof is left to the reader.
Lemma 3.11. Let A be a C * -algebra, τ be a faithful tracial state on A, (A i ) i be an increasing net of C * -subalgebras of A whose union is dense in A with respect to the L 2 -norm determined by τ . Assume for each i, there is a trace-preserving conditional expectation E i from A onto A i . Then the pair (A, τ ) has the Haagerup property if and only if each pair (A i , τ ) has the Haagerup property. Now we establish the permanence properties of the Haagerup property. Here we restate Theorem B.
Theorem 3.12. Let (A i , τ i ) i∈I be a family of C * -algebras with the Haagerup property indexed by a set I. Then the following hold.
Proof. (1) We may assume I = N. For each n ∈ N, take an approximation net (Φ n,j ) j∈Jn of u.c.p. maps of the Haagerup property of (A n , τ n ). Replace J n by k J k for each n ∈ N, we may assume all index sets of the nets are the same one, say J. Then for each n ∈ N and j ∈ J, we define a u.c.p. map Ψ n,j on n∈N A n by
Then the net (Ψ n,j ) n,j satisfies the desired condition. Moreover, each range of Ψ n,j is contained in the unitization of n∈N A n . So the second part of the claim also follows. (2) By the previous lemma, it suffices to consider the case I = {1, 2}. Let (A, τ ), (B, ν) be two pairs of C * -algebras and faithful tracial states both of which have the Haagerup property. By assumption and Remark 2.2, we can choose nets of tracepreserving u.c.p. maps (φ j ) j∈J , (ψ j ) j∈J which give the Haagerup property of (A, τ ), (B, ν) respectively. Then the net (φ j ⊗ ψ j ) j∈J obviously gives the Haagerup property of (A ⊗ B, τ ⊗ ν). (3) Similarly, it suffices to consider the case I = {1, 2}. With the notations as above, we defineφ j,k := c k φ j + (1 − c k )τ,ψ j,k := c k ψ j + (1 − c k )ν for each j ∈ J and k ∈ N, where c k = 1 − 1/k. (For the notion of reduced free product, we refer the reader to [BO08, Section 4.7].) We will show the net (φ j,k * ψ j,k ) (j,k)∈J×N gives the Haagerup property of (A, τ ) * (B, ν). Note that by definition ofφ's andψ's, it obviously satisfies the conditions listed on Definition 2.1 excepting the L 2 -compactness. For the L 2 -compactness, notice that the GNS-space of the reduced free product
τ A has the norm less than or equal to c k and similarly forψ j,k ,φ j,k * ψ j,k is a c 0 -direct sum of compact operators as a bounded operator on (
Therefore it is a compact operator, as desired.
Next we study the permanence of the Haagerup property under the reduced crossed product construction. As we will see in Theorem 5.1, this is no longer true in general. However, in the following AF-setting, we have the permanence property. This is pointed out by the referee. Theorem 3.13. Let Γ be a group with the Haagerup property acting on a unital C * -algebra A. Assume the following hold.
• A has a Γ-invariant faithful tracial state τ .
• Γ is the union of an increasing net (Γ i ) i∈I of subgroups.
• There is an increasing net (A i ) i∈I of finite dimensional C * -subalgebras of A, whose union is dense in A with respect to the L 2 -norm determined by τ , and each A i is Γ i -invariant. Then the reduced crossed product A ⋊ r Γ has the Haagerup property.
Proof. We will show A⋊ r Γ has the Haagerup property with respect to the canonical extensionτ of τ . For each i ∈ I, there exists a unique τ -preserving conditional expectation E i from A onto A i [BO08, Lemma 1.5.11]. Notice that, by uniqueness, it must be Γ i -equivariant. Hence by [BO08, Exercise 4.1.4], E i extends to a conditional expectation from A ⋊ r Γ i onto A i ⋊ r Γ i , which preservesτ by definition. At the same time, we also have aτ -preserving conditional expectation from A ⋊ r Γ onto A ⋊ r Γ i . Indeed, first represent A ⋊ r Γ on L 2 (A, τ ) ⊗ l 2 (Γ) in the canonical way and similarly for A ⋊ r Γ i . Consider the conditional expectation on B(L 2 (A, τ ) ⊗ l 2 (Γ)) induced by the projection p = 1 ⊗ χ Γ i . Then the restriction of it to A ⋊ r Γ gives the desired conditional expectation. Composing these two maps, we have aτ -preserving conditional expectation from A ⋊ r Γ onto A i ⋊ r Γ i . Note that by Theorem 2.4 (3), each A i ⋊ r Γ i has the Haagerup property with respect toτ . Then, since the union of A i ⋊ r Γ i 's is dense in A ⋊ r Γ with respect to the L 2 -topology, Lemma 3.11 completes the proof.
Remark 3.14. From Theorem 5.1, the corresponding result of Theorem 3.13 in the AH-setting is no longer true, even if the index of nets is singleton.
4. An Application of the Haagerup Property for C * -algebras
In this section, we give an application of the Haagerup property for C * -algebras. Our results rely heavily on techniques in von Neumann algebras which trace back to the work of Popa from [Pop06]. Popa's theorem says the Haagerup property is a strong negation of relative property (T) in the context of von Neumann algebras. We extend this rigidity theorem to the context of C * -algebras. Our theorem does not depend on the tracial states, therefore it is convenient to introduce the following class of C * -algebras.
Definition 4.1. Set H be the class of all C * -algebras which has a faithful tracial state τ with the Haagerup property.
By the results in Section 3, the class H is quite large. It contains all nuclear C * -algebras with a faithful tracial state, many exact C * -algebras (for example, unital simple exact quasi-diagonal C * -algebras), residually finite dimensional C * -algebras with a faithful tracial state, the reduced group C * -algebras of groups with the Haagerup property, and is closed under taking the direct product, the spatial tensor product and the reduced free product. However, we need to remark that the class H is not closed under taking a quotient, even if the quotient has a faithful tracial state. To see this, consider the full group C * -algebra C * (F ∞ ) of the free group F ∞ of countably many generators. Then it is residually finite dimensional by Choi's theorem [Cho80, Theorem 7] . From this and separability of C * (F ∞ ), it is contained in the class H by Corollary 3.7 (2). Note that any unital separable C * -algebra arises as a quotient of C * (F ∞ ), and as we soon see in Corollary 4.9, there is a unital separable C * -algebra which has a faithful tracial state but is not contained in the class H.
The following theorem, due to Popa [Pop06] , will play a key role in deriving our application. Here we need two comments. We now apply Popa's theorem to the context of C * -algebras. The proofs of the following lemmas are straightforward, so we only give sketches of the proofs.
Lemma 4.5. Let (A, τ ) be a pair of a unital C * -algebra and a faithful tracial state on A. Let π τ be the GNS-representation of τ . If the pair (A, τ ) has the Haagerup property, then so does (π τ (A) ′′ , τ ).
Sketch of the proof. Note that any trace-preserving u.c.p. map on A extends to a trace-preserving u.c.p. map on the GNS-closure, which is L 2 -compact if the original one is. The extensions of approximation maps of the Haagerup property for (A, τ ) establish the Haagerup property of (π τ (A)
′′ , τ ).
Lemma 4.6. Let A be a C * -algebra, B be a C * -subalgebra of A and τ be a tracial state on A. If the pair (A, B) has relative property (T) (in the sense of Leung-Ng), then the pair (π τ (A)
′′ , π τ (B) ′′ ) of GNS-closures has relative property (T) in the sense of Popa. ′′ , τ ) has the Haagerup property and the pair (π τ (A)
′′ , π τ (B) ′′ ) has relative property (T). Hence, by Popa's theorem, π τ (B) ′′ is a direct sum of matrix algebras.
Remark 4.8. Combining the proof above with Theorem 3.6 (and the fact that nuclearity passes to a quotient), we have a generalization of [Bek06, Proposition 12] as follows. Let (A, τ ) be a pair of a C * -algebra and a faithful tracial state on A that has both the Haagerup property and property (T). Then L 2 (A, τ ) decomposes as a direct sum of finite dimensional A-submodules.
Here we revisit the rigidity theorem of Robertson [Rob93, Theorem C].
Corollary 4.9. Let Γ be a property (T) group, A ∈ H. Then any unitary representation of Γ on A is weakly equivalent to a direct sum of finite dimensional representations. In particular, if Γ is an infinite property (T) group, then there is no nonzero * -homomorphism from the reduced group C * -algebra C * r (Γ) into A.
Proof. By Leung-Ng's theorem, the full group C * -algebra C * (Γ) of Γ has property (T). Since property (T) passes to a quotient (Proposition 2.11), for any representation π of Γ on A, the C * -subalgebra of A generated by the image of π, which is isomorphic to a quotient of the full group C * -algebra of Γ, has property (T). Since it is a C * -subalgebra of a C * -algebra in the class H, it is residually finite dimensional by Theorem 4.7. This proves our first claim. For the last statement, recall the reduced group C * -algebra has a finite dimensional representation if and only if the group is amenable. Remark 4.11. Certainly, the last assertion of Corollary 4.9 still holds if Γ is a group which has a non-amenable subgroup Λ such that the pair (Γ, Λ) has relative property (T). However, we do not know a non-trivial example of such group. That is, the case Γ does not contain an infinite property (T) subgroup. A list of groups which might satisfy the above condition is given in the book [BHV08, Chapter 7].
Remark 4.12. Gromov [Gro87] constructs a property (T) group without nontrivial finite dimensional representations. (See also [Rob93, p.553 Remarks (2)].) If Γ is such a group and A ∈ H, then by Corollary 4.9, there is no nonzero grouphomomorphism from Γ into the unitary group U(A) of A. This shows the group structure (without topological information) of the unitary group U(A) of a unital C * -algebra A sometimes remembers the information that A is not contained in the class H (e.g., the case A = C * r (Γ) for a group Γ as above). Remark 4.13. The obstruction of the Haagerup property to property (T) given in Theorem 4.7 is the best possible form. There is an infinite dimensional property (T) C * -algebra which is contained in the class H. Indeed, the following holds.
Proposition 4.14. If A is a unital C * -algebra which is residually finite dimensional with property (T) and a faithful tracial state, then A is contained in the class H.
Before the proof, we need a comment. Although this is a special case of Corollary 3.7 (2), we prefer to give an independent proof, which is much more elementally, by using a result of Brown about property (T) C * -algebras from [Bro06] .
Proof. Let A be as above. Let {π i } i∈I be a complete representation system of the set of all equivalent classes of finite dimensional irreducible representations of A. Then i∈I π i is a faithful representation of A by assumption. Hence we can regard A as a unital C * -subalgebra of i∈I M d i , where d i is the dimension of π i . Then by the existence of Kazhdan projections [Bro06, Theorem 3.4], the unit of the ith direct summand 1 M d i is contained in A for all i ∈ I. Then, by irreducibility of π i , ith direct summand M d i is contained in A for all i ∈ I. Hence i∈I M d i is contained in A. Then by the existence of a faithful tracial state, I must be countable. Hence A is contained in the class H by Theorem 3.12 (1).
Here we give an infinite dimensional example of C * -algebra which has both property (T) and the Haagerup property.
Example 4.15. Let n ≥ 3. On the group algebra C[SL n (Z)] of SL n (Z), define the C * -seminorm · fin as follows:
x fin := sup{ π(x) | π is a finite representation of SL n (Z)}.
Then define the C * -algebra C * fin (SL n (Z)) as the completion of C[SL n (Z)] with respect to the seminorm · fin . Since SL n (Z) is residually finite, the left regular representation is weakly contained in a direct sum of finite dimensional representations. Therefore the seminorm · fin is (strictly) greater than the reduced norm · r . Hence this is indeed a norm and consequently C * fin (SL n (Z)) is infinite dimensional. Moreover, since property (T) passes to a quotient (Proposition 2.11), C * fin (SL n (Z)) has property (T). On the other hand, since C * fin (SL n (Z)) is residually finite dimensional, it is contained in the class H by Proposition 4.14.
Remark 4.16. In Bekka's paper [Bek07] , he proves that the number of the quasiequivalent classes of the infinite dimensional finite factor representations of SL n (Z) is less than or equal to the cardinality of the center of SL n (Z) [Bek07, Theorem 3] . The center of SL n (Z) is {I} if n is odd and is {±I} if n is even . If n is odd, then the left regular representation λ of SL n (Z) is a finite factor representation so this is the only infinite dimensional finite factor representation of SL n (Z). If n is even, put p := (λ I − λ −I )/2, q = p ⊥ . Then both p and q are the central projections of the group von Neumann algebra L(SL n (Z)). Since the center of L(SL n (Z)) is spanned by p and q, both subrepresentations of λ reduced by p and q are finite factor representations. Clearly, these two representations are mutually different: One is faithful but the other is not. Consequently, in both cases, any infinite dimensional finite factor representation of SL n (Z) is quasi-equivalent to a subrepresentation of λ. (In particular, Bekka's super-rigidity theorem for SL n (Z) [Bek07, Theorem 1] indeed holds without taking finite index subgroups.) Since λ is weakly contained in a direct sum of finite dimensional representations, our completion in the previous example is indeed the maximal tracial completion, namely, it is the maximal completion which makes the completed algebra to have a separating family of tracial states. So it is a natural object. Note that again by Bekka's result, this completion does not coincide with the maximal one. This was raised as a question by Kirchberg [Kir93, p. Let A be a C * -algebra which is nuclear and has property (T). Then A is of the form B ⊕ C, where B is finite dimensional and C admits no tracial states. In particular, if we further assume A has a faithful tracial state, then A must be finite dimensional. Proof. Let A = C * fin (SL n (Z)), where n ≥ 3. We already know it has a faithful tracial state with the Haagerup property. So to show the claim, it suffices to find a faithful tracial state τ on A without the Haagerup property. Remark that, since the left regular representation λ of SL n (Z) is weakly contained in a direct sum of finite dimensional representations, δ e extends to a tracial state of A, say the extension τ 1 . Define τ = (τ 1 + τ 2 )/2, where τ 2 is an arbitrary faithful tracial state on A. We will show the pair (A, τ ) does not have the Haagerup property. Assume by contradiction that (A, τ ) has the Haagerup property, i.e., there exists a sequence (Φ k ) k of u.c.p. maps on A satisfying the properties listed on Definition 2.1. Consider l 2 τ (SL n (Z)), which is the GNS-space of τ . For any f ∈ c c (SL n (Z)), we have f 2 2 ≤ 2 f 2 τ , hence the identity map on c c (SL n (Z)) extends to a bounded operator from l 2 τ (SL n (Z)) into l 2 (SL n (Z)). Denote the extension by π. Now for each k, we define a complex valued function ψ k on SL n (Z) by
Then ψ k converges to 1 pointwise as k tends to infinity. On the other hand, since λ•Φ k is u.c.p., ψ k is positive definite. Hence the convergence of ψ k is indeed uniform (since SL n (Z) has property (T)). However, note that the family (δ g ) g∈SLn(Z) is an orthonormal basis of l 2 (SL n (Z)), whereas the set {π(Φ k (g)δ τ e )} g∈SLn(Z) is relatively compact in l 2 (SL n (Z)) by the L 2 -compactness of Φ k and the boundedness of π, which is a contradiction.
In the context of von Neumann algebras, the non-embeddable result of Corollary 4.9 still holds for the group von Neumann algebra of a group which has relative property (T) with respect to an infinite subgroup. This is because the group von Neumann algebra of an infinite group is always diffuse. The corresponding result is not true in the context of C * -algebras, because the reduced group C * -algebra of an infinite group can be residually finite dimensional. Indeed, many typical relative property (T) groups fail to have the rigidity property.
Lemma 4.19. Let A be a unital C * -algebra with an action of a group Γ with the Haagerup property. Assume A admits a countable family (π n ) n of Γ-equivariant finite dimensional representations which separates the points of A. Then the reduced crossed product A ⋊ r Γ embeds into a C * -algebra in the class H.
Proof. Take a countable separating family (π n ) n of Γ-equivariant finite dimensional representations. Then we have a Γ-equivariant embedding n π n : A ֒→ n A/ker π n .
By taking the reduced crossed products, we have an embedding
Since each A/ker π n is finite dimensional and Γ has the Haagerup property, the range of the above map is contained in the class H.
Lemma 4.19 can apply to many reduced group C * -algebras of groups without the Haagerup property. Here we recall the examples of groups which have relative property (T).
Definition 4.20. Let K be an algebraic number field (i.e., a finite extension of the rational number field Q), R be the ring of integers of K (i.e., the ring of all elements of K which are roots of a nonzero monic polynomial with the integer coefficients). The three-dimensional Heisenberg group with the coefficients in R, denoted by H 3 (R), is the subgroup of SL 3 (R) which consists of all upper triangular matrices with the diagonal entries 1. Equivalently, H 3 (R) is defined as the set R 2 × R with the group operation (x, λ)(y, µ) := (x + y, λ + µ + ω(x, y)), where ω(x, y) := x 1 y 2 − x 2 y 1 is the symplectic form. In the latter picture, SL 2 (R) canonically acts on H 3 (R) by acting on the first coordinate. (Since SL 2 (R) preserves ω, this indeed defines an action on the group H 3 (R).) [CCJJV01] ). Let K be an algebraic number field, R be the ring of integers of K. Then the following hold.
(1) The pair (R 2 ⋊ SL 2 (R), R 2 ) has relative property (T). (2) The pair (H 3 (R) ⋊ SL 2 (R), H 3 (Z)) has relative property (T). (3) The group SL 2 (R) has the Haagerup property.
Theorem 4.22. Let K be an algebraic number field, R be the ring of integers of K. Then the reduced group C * -algebras of R 2 ⋊ SL 2 (R), H 3 (R) ⋊ SL 2 (R) embed into C * -algebras in the class H.
Proof. First note that since both R 2 and H 3 (R) are amenable, the full and reduced group C * -algebras of these groups are equal. Since R is finitely generated as an additive group, for any natural number n ∈ N, R/nR is a finite ring. So (R/nR) 2 and H 3 (R/nR) are also finite. Moreover, it is obvious that these quotients are SL 2 (R)-equivariant. Consequently, we obtain SL 2 (R)-equivariant finite dimensional representations
. Now it is easy to check these families separate points. Consequently, we can apply Lemma 4.19 to the C * -algebras we have considered.
Remark 4.23. The same proof also works for the group F p [t] 2 ⋊ SL 2 (F p [t]), which has relative property (T) with the subgroup F p [t] 2 , by replacing nR by t n F p [t] in the proof.
A Rigidity Property of the Affine Groups of the Affine Planes
In Section 4, we have seen that, unlike the case of von Neumann algebras, the non-embeddable theorem for the reduced group C * -algebras of relative property (T) groups fails in general. The difficulty comes from the fact C * -algebras admit many "mutually singular" faithful tracial states. However, if we overcome this difficulty, then we can prove a rigidity theorem for a group, even if the group has no infinite Lemma 6.1. Let Γ be a non-amenable group. Let φ be a positive definite function on Γ that is weakly contained in δ e . Then there exists a sequence (g n ) n of Γ such that its canonical image (δ φ gn ) n in l Question 7.1. Can we recover the information whether the discrete group Γ has the Haagerup property or not from the reduced group C * -algebra C * r (Γ)?
For some particular groups, this question is obviously "Yes". For example, consider two extreme cases. If Γ is amenable or has property (T), then thanks to the result of Lance [Lan73, Theorem 4.2], Bekka [Bek06, Theorem 7] , respectively, it is true. It is also true by the result of Dong if the reduced group C * -algebra C * r (Γ) has the unique tracial state. It is known that many important discrete groups satisfy the unique trace condition. For example, outer automorphism groups of (non-commutative) free groups, torsion-free non-elementary hyperbolic groups, irreducible Coxeter groups, and mapping class groups with trivial center satisfy the unique trace condition. (For the detail, see [Har07] and references therein.) But in general, it seems hard to recover the information about the Haagerup property from the reduced group C * -algebra. Our results Example 4.15, Theorems 4.18 and 4.22 suggest C * r (Γ) may be contained in the class H, even if the group Γ does not have the Haagerup property.
The next question is about a permanence property of the Haagerup property.
Question 7.2. Does the Haagerup property pass to a C * -subalgebra? That is, let (A, τ ) be a pair of a C * -algebra and a faithful tracial state on A with the Haagerup property, B be a C * -subalgebra of A. Then does the pair (B, τ | B ) have the Haagerup property?
Note first that this is true if A is nuclear. See Corollary 3.7. Note also that if this is true, then Theorem 3.6 immediately follows. Since our proof of Theorem 3.6 is already complicated, if this is true, then a proof would be perhaps hard.
Note also Question 7.2 has a positive answer in the context of the von Neumann algebras [Jol02, Theorem 2.3 (i),(ii)]. The reason we can prove this for the von Neumann algebras is that we can always construct a trace-preserving conditional expectation [BO08, Lemma 1.5.11]. But in the context of the C * -algebras, we cannot construct a conditional expectation in general, even if we do not consider the condition about the trace. For example, let A be a nuclear C * -algebra, B be a C * -subalgebra of A which is not nuclear. Then there is no conditional expectation from A onto B, because any range of a conditional expectation on a nuclear C * -algebra is nuclear. Note that by Blackadar's theorem [Bla85, Theorem 1], in the separable case, such a C * -subalgebra exists if and only if A is not of type I. The condition that A is of type I is quite strong. For example, any (infinite dimensional) UHF-algebra is not of type I. Acknowledgements. The author would like to thank Professor Yasuyuki Kawahigashi, who is his supervisor, for his encouragement and advice. He also would like to thank Professor Narutaka Ozawa for his valuable comments and suggestions. He is grateful to thank the referee for his or her careful reading and valuable suggestions. He is supported by Research Fellow of the Japan Society for the Promotion of Science and Leading Graduate Course for Frontiers of Mathematical Sciences and Physics.
